The vertical mode expansion method (VMEM) (X. Lu et al., J. Opt. Soc. Am. A 31, 293-300, 2014) is a frequency-domain numerical method for solving Maxwell's equations in structures that are layered separately in a cylindrical region and its exterior. Based on expanding the electromagnetic field in one-dimensional vertical modes, VMEM reduces the original three-dimensional problem to a two-dimensional (2D) problem on the vertical boundary of the cylindrical region. However, VMEM has so-far only been implemented for structures with circular cylindrical regions. In this paper, we develop a VMEM for structures with an elliptic cylindrical region, based on separation of variables in the elliptic coordinates. A key step in VMEM is to calculate the so-called Dirichlet-to-Neumann (DtN) maps for 2D Helmholtz equations inside or outside the ellipse. For numerical stability reasons, we avoid the analytic solutions of the Helmholtz equations in terms of the angular and radial Mathieu functions, and construct the DtN maps by a fully numerical method. To illustrate the new VMEM, we analyze the transmission of light through an elliptic aperture in a metallic film, and the scattering of light by elliptic gold cylinders on a substrate.
Introduction
In computational electromagnetics, a fundamental problem is to calculate the scattering field of an incident electromagnetic wave by a given scatterer embedded in a layered background. For applications in photonics, the scatterer is often penetrable and has subwavelength features, and it could include highly dispersive components, such as metals. Among the many existing numerical methods for scattering problems, the most popular ones are the finite-difference time-domain method (FDTD) [1] and the frequency-domain finite element method (FEM) [2, 3] . FDTD is relatively simple to implement and extremely versatile, but is often relatively inefficient for modeling plasmonic structures, since very small grid sizes and time steps are needed to capture rapid field changes in metals, and proper dispersion models must be incorperated into the method. FEM is widely used and capable of resolving small features effectively by locally refined meshes, but it gives rise to large linear systems that could be expensive to solve. The boundary integral equation (BIE) method [4, 5] is another important method, but it becomes rather complicated when the scatterer has components with different material properties.
Structures designed for practical applications often have special geometric features. In that case, it is desir- * Corresponding author: mayylu@cityu.edu.hk able and often possible to develop special numerical or semi-analytic methods that are more efficient than the general methods. The standard mode-matching method (MMM, also called modal method) including its numerical variants [6] [7] [8] [9] [10] [11] [12] , is useful when the structure is piecewise uniform in one spatial direction. It is based on expanding the electromagnetic field in each uniform layer in transverse eigenmodes. For three-dimensional (3D) structures, MMM is not very efficient, since the eigenmodes are functions of two transverse variables and usually they can only be calculated numerically.
The vertical mode expansion method (VMEM) [13] is a special method for 3D structures consisting of layered media in different regions, i.e., the material properties in each region depend only on one spatial variable (assuming it is the vertical variable z). In each region, VMEM expands the electromagnetic field in onedimensional (1D) vertical modes where the "expansion coefficients" are functions of the two horizontal variables satisfying two-dimensional (2D) Helmholtz equations. In earlier works [14, 15] , VMEM has been used to analyze dielectric slabs with air holes where the incident wave is a propagating mode of the slab. The method has also been used to analyze photonic crystal slab waveguides [16] . In [13] , VMEM was formulated for scattering problems with general incident waves, and applied to analyze the transmission of light through a circular aperture in a metallic film. Since only circular holes are involved in these studies [13] [14] [15] [16] , cylindrical wave ex-pansions are used to represent the solutions of the 2D Helmholtz equations.
In this paper, we consider the scattering of light by a single elliptic cylinder embedded in a (generally) layered background. In particular, we analyze the transmission of light through an elliptic aperture in a metallic film, and the scattering of light by an elliptic cylinder of finite height. The solutions of a 2D Helmholtz equation inside or outside an ellipse can be expanded in angular and radial Mathieu functions [17, 18] , but the method based on the analytic expansions appears to be numerically unstable, mainly because the Helmholtz equations in VMEM have complex coefficients. We present a stable method based on a numerical separation of variables in the elliptic coordinates. The method is used to analyze elliptic apertures in a metallic film [19] , and to study the scattering of light by gold elliptic cylinders on a substrate. Numerical results indicate that VMEM is capable of delivering accurate solutions with relatively small computing efforts.
Vertical mode expansions
In [13] , VMEM was developed for the special case where a layered circular cylinder is surrounded by a layered medium, but the main ideas are applicable to the more general case where the cylinder has an arbitrary cross section. In the following, we give a brief summary for the key steps of VMEM.
Consider a structure bounded in the z direction by 0 < z < D, and surrounded by homogeneous media in the top (z > D) and the bottom (z < 0), where z is identified as the "vertical" variable, and D is the thickness of the structure. A special case with an elliptic cylindrical object is shown in Fig. 1 . In the top and bottom homogeneous media, we have ε = ε t , µ = µ t (z > D) and ε = ε b , µ = µ b (z < 0), respectively, where ε is the relative permittivity, µ is the relative permeability, ε t , µ t , ε b and µ b are real constants. In the horizontal xy plane, we have a bounded domain Ω 1 and its exterior Ω 0 , where Ω 1 is the cross section of the cylinder. The entire 3D space is divided into a cylindrical region S 1 and its complement S 0 , where
for l = 0, 1. In S 0 and S 1 , the structure is layered. That is,
To be consistent, it is necessary to require that ε (l) (z) = ε t and µ (l) (z) = µ t for z > D, and ε (l) (z) = ε b and µ (l) (z) = µ b for z < 0.
In the top, we specify a plane incident wave
where E is the electric field, H is the magnetic field multiplied by the free space impedance, and superscript (i) denotes the incident field. For the infinite layered medium given by ε (l) and µ (l) , the incident wave gives rise to a simple solution {E (l) , H (l) }. We call this the 1D solution in S l . The difference {E−E (l) , H−H (l) } satisfies the homogeneous Maxwell's equations in S l , and is outgoing as z → ±∞.
The variable z is truncated to z b < z < z t with two perfectly matched layers (PMLs) [20, 21] ending at z b and z t , respectively. With this truncation, the layered medium given by ε (l) and µ (l) supports a discrete sequence of 1D modes (i.e., the vertical modes) {φ
.., where p ∈ {e, h} denotes the polarization, j is the mode index, φ (l,p) j (z) is the mode profile, and η (l,p) j is the propagation constant. Like those in a planar waveguide, the 1D modes are either transverse electric (TE) or transverse magnetic (TM), and they satisfy
for z b < z < z t , respectively, where k 0 is the free space wavenumber, s z = s z (z) is a complex function of z related to the PMLs (s z = 1 only in the PMLs). Equations (2) and (3) are supplemented by simple zero boundary conditions
Due to the use of PMLs and the possibly absorptive media, the propagation constant η
is usually complex with a positive imaginary part. Due to the process of separation of variables in VMEM, each vertical mode is associated with a function of x and y satisfying the 2D Helmholtz equation
in Ω l . Let ν = (ν x , ν y ) and τ = (−ν y , ν x ) be a pair of orthogonal unit vectors in the xy plane, then the field in S l (with z truncated) can be expanded in the vertical modes as follows:
where E τ and H τ are the horizontal field components in the τ direction,
. Let Γ be the boundary of Ω 1 (and Ω 0 ), and ν be a unit normal vector of Γ, then ∂ τ is the tangential derivative operator along Γ. For any function V
Assuming ∂ τ and Λ (l,p) j can be approximated, then VMEM gives rise to a linear system
where x is a vector for all V (l,p) j on Γ. The details of A and b are given in [13] . Notice that we are only solving these functions on a curve (i.e. Γ). The above system is obtained by matching H z , E z , H τ and E τ for (x, y) on Γ and z b < z < z t . It is a 2D reformulation of the original 3D Maxwell's equations.
In the fully discretized version, the z variable is discretized by N points, the curve Γ is discretized by M points, the operators ∂ τ and Λ (l,p) j are approximated by M × M matrices, then Eq. (11) is a linear system with 4N M unknowns.
DtN maps for 2D Helmholtz equations
Clearly, a key step in VMEM is to approximate the DtN maps Λ (l,p) j by matrices. For the case of circular cylinders, the DtN maps can be constructed from cylindrical wave expansions [13] . For elliptic cylinders, the Helmholtz equation (5) is separable in the elliptic coordinates, its solution can be expanded in Mathieu functions. In principle, the DtN map can be constructed analytically from such an expansion. However, for reasons given below, we avoid the exact Mathieu functions and use numerically calculated functions to construct the DtN maps.
Let Γ be the ellipse (x/a) 2 +(y/b) 2 = 1 with semi-axes a and b (a > b), and semifocal distance f = √ a 2 − b 2 . The elliptic coordinates (̺, ϑ) satisfy
for ̺ ≥ 0 and 0 ≤ ϑ ≤ 2π, and Γ is given by
Since f cosh(̺ 0 ) = a and f sinh(̺ 0 ) = b, Γ is also given by
Notice that as b/a → 1, ̺ 0 tends to infinity, and ̺ does not approach the radial variable of the standard polar coordinate system. Therefore, the method developed in this section should not be used when b is equal to or close to a. On the other hand, the original VMEM [13] (with simple modifications) works when b/a is close to 1, since the cylindrical wave expansions inside and outside the ellipse converge well. In terms of (̺, ϑ), Eq. (5) becomes
where q = (f η) 2 /4. For simplicity, we have dropped the subscript j and the superscript (l, p). Let V = R(̺)S(ϑ) be a solution of Eq. (14) by the method of separation of variables, then S satisfies
subject to the 2π-periodic boundary condition where λ is an eigenvalue, and R satisfies
For Ω 1 (the domain inside Γ), Eq. (16) is valid for 0 < ̺ < ̺ 0 , the boundary condition is R(0) = 0 if the corresponding S is an odd function of ϑ with respect to ϑ = π, i.e., S(2π − ϑ) = −S(ϑ), or R ′ (0) = 0 if S is even, i.e., S(2π − ϑ) = S(ϑ), where R ′ = dR/d̺. For the exterior domain Ω 0 , Eq. (16) is valid for ̺ > ̺ 0 , and R should be chosen to represent an outgoing wave 
where c m (m = 1, 2, ...) are expansion coefficients. The functions S m (m = 1, 2, ...) are the angular Mathieu functions. Using the notations of Stratton [18] , the even and odd angular Mathieu functions are denoted as Se n (for n = 0, 1, 2, ...) and So n (for n = 1, 2, ...), and they resemble cos(nϑ) and sin(nϑ), respectively. For Ω 1 , the functions R m (m = 1, 2, ...) are the radial Mathieu functions corresponding to Bessel functions J m , and they are denoted as Re (1) n and Ro m , and they are denoted as Re (3) n and Ro (3) n . From Eq. (13), we obtain the outward unit normal vector of Γ
where
Furthermore, the normal derivative on Γ is only related to the partial derivative with respect to ̺, i.e.,
Therefore,
where R ′ m = dR m /d̺. Equations (17) and (20) allow us to define the DtN operator Λ that maps V to ∂ ν V on Γ.
When Γ is discretized by M points, for example, by a uniform discretization of ϑ given by ϑ i = 2πi/M for 0 ≤ i < M , we have two column vectors V and ∂ ν V for V | Γ and ∂ ν V | Γ at (̺ 0 , ϑ i ) for 0 ≤ i < M , then we can find an M × M matrix Λ that approximates the DtN operator. Assuming the sums in Eqs. (17) and (20) are truncated to M terms, then
where S is a square matrix with columns
, and W is a diagonal matrix with diagonal entries 1/w(ϑ i ) for 0 ≤ i < M . Eliminating the vector h, we obtain ∂ ν V = ΛV , where
The above formula for the DtN map works in principle, but for a complex η with a large imaginary part, the angular Mathieu functions S m (ϑ) could have very different magnitudes at different values of ϑ. In that case, the matrix S is nearly singular, and it becomes difficult to calculate Λ accurately using Eq. (22), since S −1 is involved.
To overcome this difficulty, we replace the analytic Mathieu functions by numerically calculated functions. For Eq. (15), we discretize ϑ by M points as above and approximate the derivatives with respect to ϑ by Fourier differentiation matrices [22] . Therefore, the eigenvalue problem for S is approximated by an M × M matrix eigenvalue problem. Among the M numerical eigenvalues, some, but not all, are good approximations to the exact eigenvalues. In our experience, the matrix of all M numerical eigenvectors is better conditioned than the original matrix S obtained by sampling the exact angular Mathieu functions, and it is used to replace S in Eq. (22) .
For each numerical eigenvalue λ m , we solve a twopoint boundary value problem (BVP) for R m satisfying Eq. (16) . Since λ m is not an exact eigenvalue of Eq. (15), the solution of this BVP is not identical to a radial Mathieu function. As mentioned above, the BVP is for 0 < ̺ < ̺ 0 or ̺ > ̺ 0 corresponding to domain Ω 1 or Ω 0 , respectively. The boundary condition at ̺ 0 is simply assumed to be R m (̺ 0 ) = 1. For the case of Ω 1 , the boundary condition at ̺ = 0 is either R m (0) = 0 or R ′ m (0) = 0 depending on whether S m (ϑ) is an odd or even function of ϑ with respect to ϑ = π. We use the Chebyshev collocation method [22] to solve the twopoint BVP for R m and find R ′ m (̺ 0 ), then construct the matrix D.
For the case of Ω 0 , the BVP problem is considered for ̺ > ̺ 0 , and the solution could be highly oscillatory (in ̺) as ̺ → ∞. To avoid this, we let ς = exp(̺), then Eq. (16) becomes
for ς > ς 0 = exp(̺ 0 ). Since R represents an outgoing wave as ς → ∞, it should satisfy the following Summerfeld radiation condition
Notice that f η/2 = √ q. For practical computation, it is more effective to truncate ς by a PML [20, 21] . More precisely, we introduce a complex function of ς denoted asς, and replace ς in Eq. (23) byς. It leads to
where s ς = dς/dς. The variable ς is truncated to ς 0 < ς < ς 2 , and the actual PML is given by ς 1 < ς < ς 2 where ς 1 > ς 0 . This implies thatς = ς and s ς = 1 for ς 0 < ς < ς 1 . Equation (25) is supplemented with the boundary conditions
We solve BVP (25) and (26) by a Chebyshev collocation method [22] . After a matrix approximation of the DtN operator Λ is obtained, we can validate the result and check its accuracy using exact solutions of the Helmholtz equation.
For Ω 1 , the exact solutions can be plane waves or cylindrical waves. For Ω 0 , we use outgoing cylindrical waves radiating from any point in Ω 1 . If V is an exact solution, we can evaluate V on Γ, find ΛV and compare it with the exact ∂ ν V on Γ.
The DtN operators can be efficiently calculated, since they are solved from independent 2D problems which are further reduced to simple 1D two-point BVPs. Overall, the time spent on computing the 4N DtN operators is negligible compared with the time for solving the final linear system (11) .
For setting up the linear system (11), a matrix approximating the tangential derivative operator along Γ is needed. Since ∂ τ = [w(ϑ)] −1 ∂ ϑ , this matrix can be obtained from the Fourier differentiation matrix that approximates ∂ ϑ [22] . After V (l,p) j on Γ are solved, we use the fully numerical version of (17) to construct the electromagnetic field in each region.
Elliptic apertures in a metallic film
In this section, we follow Zakharian et al. [19] , consider the transmission of light through an elliptic hole in a silver film of thickness D = 0.124 µm, where the semiaxes of the elliptic hole are a = 0.4 µm and b = 0.05 µm, respectively. The medium below and above the film, and inside the hole, is air, thus ε t = ε b = 1. The structure is non-magnetic, thus µ = 1 everywhere. The problem is considered for normal incident plane waves with a free space wavelength of 1 µm. The refractive index of silver is assumed to be n = 0.226 + 6.99i.
Since the aspect ratio of the ellipse is quite large (a/b = 8), the elliptic hole is quite similar to a slit parallel to the x axis. If the incident wave has an electric field parallel to the x axis, transmission is very low. In Fig. 2 , we show the z components of the electromagnetic field at 19.1 nm below the metal film for an incident wave with E (i)
In contrast, high transmission is possible when the electric field of the incident wave is parallel to the y axis. In Fig. 3 , we show E z and H z at the same horizontal plane for an incident wave with E (i) y = exp(−ik 0 z) and E (i)
Notice that the field components shown in Fig. 3 have much larger magnitudes compared with those in Fig. 2 .
Zakharian et al. [19] also considered silver films with thickness D = 0.186 µm and 0.248 µm for the same elliptic hole and same incident waves. Using the method developed in previous section, we analyze the problem for D up to 1 µm. The results are shown in Fig. 4 , where the normalized transmission coefficient T is defined as the ratio of total transmitted power (or the additional transmitted power if the film without the hole is not opaque) and the power of incident wave impinging on the elliptic aperture. Notice that T is very small if the incident electric field is parallel to the x axis, and much larger when the incident electric field is parallel to the y axis. In the latter case, T varies with D and can be larger than 3 for some values of D. This is consistent with other studies on extraordinary optical transmissions [23, 24] .
For a circular hole in a metallic film, previous studies indicate that transmission may be enhanced by filling the hole with a dielectric material [13, 25, 26] . We consider the silver film with thickness D = 0.124 µm again, and fill the elliptic hole with a dielectric material of refractive index n c . It turns out that if the incident electric field is parallel to the x axis, transmission remains very low. On the other hand, if the incident electric field is parallel to the y axis, transmission could be enhanced if n c is chosen correctly. In Fig. 5 , we show the normalized transmission coefficient T as a function of n c . A maximum of T is obtained for n c around 2.9.
The above numerical results are obtained using M = 20 points for discretizing the ellipse and N = 177 for discretizing the vertical axis. For D = 0.124 µm, the (3) and (4) . The interval (z b , z t ) is discretized separately in three subintervals (z b , 0), (0, D) and (D, z t ) using 59 interior Chebyshev points in each subinterval. In the top and bottom layers, PMLs are introduced so that the function s z is given by
where S t = S b = 7 + 15i, and both intervals (z t , z t ) and (z b ,z b ) contain 47 Chebyshev points.
Elliptic cylinders on a substrate
In recent years, metallic nanoparticles have been intensively studied due to their many applications in nanotechnology [27] . refractive index n = 1.5. The medium surrounding the cylinder and above the substrate is air. The cylindersubstrate interface is in the xy plane. As in [28] , we consider a number of elliptic cylinders of different size for a normal incident wave with an electric field in the y direction. The refractive index of gold is taken from the work of Johnson and Christy [29] . In Fig. 6 , we show the normalized scattering cross section (defined as the total outgoing power of the scattering field, divided by the area of the elliptic cross section and the intensity of the incident wave) for short-axis length 2b = 84 nm, 91 nm, 96 nm, 102 nm and 104 nm. The scattering field is the difference between the total field and the 1D solution {E (0) , H (0) }, i.e., the solution obtained for a structure with only the substrate and air. From Fig. 6 , it can be seen that similar to the experimental results of Su et al. [28], the resonant wavelength increases as the size of the cylinder is increased.
Next, we consider a gold elliptic cylinder with semiaxes a = 66 nm, b = 47.5 nm (along the x and y directions, respectively), and height D = 109 nm. It is placed on the same substrate with refractive index n = 1.5. The surrounding medium above the substrate is also air. As in [30] , we consider two normal incident plane waves with the electric field parallel to the x and y axes, respectively. In Fig. 7 , we show the normalized scattering cross section for these two incident waves. For these two cases, the scattered power peaks at 649 nm and 592 nm, respectively.
For the examples in this section, we discretize z by N = 165 points and discretize the ellipse Γ by M = 24 points.
Conclusion
In this paper, we developed a frequency domain numerical method (VMEM) for analyzing elliptic cylindrical objects in a layered background. VMEM gives a 2D formulation for 3D problems involving structures that are layered in a cylindrical region and the surrounding media. Unlike the analytic approach used in the earlier work for circular cylindrical objects [13] , we numerically solve the ordinary differential equations derived by separation of variables in the elliptic coordinates, to calculate the DtN maps for 2D Helmholtz equations (with complex coefficients) inside or outside the ellipse.
The method is applied to analyze the transmission of light through an elliptic aperture in a metallic film, and the scattering of light by metallic cylinders with an elliptic cross section.
In our implementation, highly accurate Chebyshev and Fourier pseudospectral methods [22] are used for computing the vertical modes and the DtN maps, but the overall convergence rate of the method is still limited due to the field singularities along the edges of the cylinders. VMEM is currently being extended to more general structures involving multiple cylindrical objects with arbitrary cross-sections. It is also highly desirable to develop a strategy for choosing computational parameters (including those for PMLs) to reach a given level of accuracy. The computational complexity of VMEM is dominated by the step for solving the final linear system (11) . We hope that a more efficient solver for Eq. (11) can be developed based on iterative methods with a suitable preconditioner.
